ON DISPERSION FOR KLEIN GORDON 
EQUATION WITH PERIODIC POTENTIAL IN ID 



SCIPIO CUCCAGNA 

Abstract. By exploiting estimates on Bloch functions obtained in a previous pa- 
per, we prove decay estimates for Klein Gordon equations with a time independent 
potential periodic in space in ID and with generic mass. 



§1 Introduction 

We consider Schrodinger operators of the form H = Ho + P(x) with, Hq = 
P{x) a smooth nonconstant real valued periodic function, P{x + 1) = P{x), with 
spectrum S(-ff) = Un>oSn, formed by bands 'En = [A^,A~_^-^] with < A~^^ < 
A^-^-i for any n G N U {0}. We normalize H so that Aq = 0. We then show: 

Theorem 1.1. Under the above hypotheses consider for n> the solutions of the 
following Cauchy problem for the Klein Gordon equation 

(1.1) utt + Hu + fxu = , ^(0, x) = , ut{0, x) = g{x). 

Then there exists a bounded discrete set D C (0, +oo) such that for any ^ E 
(0, +oo)\D there is a > such that the following dispersive estimate holds: 

(1-2) •)||ioo(K) < C^(t)"^||5f(-)||vKi.i(R)- 

Maybe D is empty. The exact condition defining D is given in Lemma 3.1 below. 
The proof is based on results in [C] where proofs are explicitly done only for the 
generic case when all the spectral gaps are nonempty. Since the generic case contains 
all the crucial difficulties, there is no problem at extending the results in [C] to the 
non generic case, and we will assume this as a fact (and if this is unconvincing 
the reader can assume that in = n below). To illustrate Theorem 1.1 consider 
P{x) = 2K^sn^(a;, k) for k G (0,1), with sn{x,K) the Jacobian elliptic function. 
Then S(iJ) = [k^, 1] U [1 + k^, +oo) and by Theorem 1.1 for generic n > — we get 

(1.2) . Notice that for fi = this example resembles the flat Klein Gordon rather 
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than the flat wave equation, because we have Aq = /^^ > 0. For H = Hq the 
equation Uu + Hu —\u\p = for any p > 1 is not globally well posed for small initial 
data in Co°(M) while if p ^ 1 this is not the case for H with P{x) = 2K^sn^(x, k) 
or P{x) — sin^(x). In the latter case all the gaps are non empty. The proof in this 
paper mixes results from [C] with a specific computation in Marshall et al. [MSW] , 
specifically Lemma 5 therein. 

§2 Reformulation, spectrum, band and Block functions 
We will prove: 

Theorem 2.1. Let H be as in Theorem 1.1, that is with a smooth periodic potential, 
and such that Aq = 0. Then, there is a set D like in Theorem 1.1 such that for any 
jJL e (0, +oo)\D there is a > such that the following dispersive estimate holds: 



(2.1) sm{ty/H + i^){H + fj,)-^: L\m) L~(R) <C^{t) 



The win (1.1) is, for 1/4 > £ > 0, G = {H {Ho + l)-^+^ and /i = {Ho + l)^-^g, 
u{t) = 



Gh ^ ||w(OI|oo < 



\\G\\ 



We have \\h\\i < C\\g\\wi,i, HGH^i^^i < C{^), with C(0) = 0(1), so (2.1) implies 
(1.2). (2.1) is a consequence of the following estimate: 

Proposition 2.2. There is a set D like in Theorems 1.1-2 such that for any /i G 
(0, +00) \D there is a Cfj, > such that the following estimate holds for any {t, x, y): 



(2.2) 



(sin(t^H + |J){H + ^i)-^ {x,y)\<C^{t)--^ 



We will prove Proposition 2.2 in the case when the spectrum as ^{H) is formed 
by infinitely many bands, the finitely many bands case being easier. To prove (2.2) 
we express the integral kernel in (2.2) in terms of Bloch functions, see below. We 
express E(if) = U^^qE^, with = [A-^.A'^^] with A+ < A~^^ < A+^i for any 

?i G N U {0}, with = 0. Set for n > 0, a± = a/A^ and a\ = -a^. Forn > 
set an — [a+, a~_^_i] and cr_„ = — c"n- Set a — U'^^_^an, with each two intervals cr„ 
and (Jn+i separated by a non empty gap gn- For \gn\ the length of the gap gn we 
have the following classical result, see [E] ch. 4: 
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Theorem 2.3. Let P{x) he smooth. Set cr„ = and Qn =]a^,a+[. Then 

3 a strictly increasing sequence e Z}^^^ and a fixed constant C such that 

\a~ - inirl + |a+ - £n7r\ < C{£„)~'^. 

y N 3 a fixed constant Cn such that \gn\ < CN{in)~^ V n. 

We review band and Bloch functions. V w G C_|_ (the open upper half plane) 3 
a unique k G C_|_ such that there are two solutions of {H — w^)u = of the form 
4>±{x, w) = e^*^^^±(a;, w) with C±{x + 1, w) = ^±{x, w) and with (/>±(0, w) = 1. The 
correspondence between w and the " quasimomentum" /c is a conformal map between 
C+ and a "comb" K = C+ — U„^o[-^n7i')-^n7i' + ^^n] with satisfying the conclusions 
of Theorem 2.3, with \gn\ < 2hn < C\gn\ for a fixed C. For generic potentials, in = 
n. The map k{w) extends into a continuous map in C+ with k{a^) = [£n7v, in+iTr], 
with k{w) a one to one and onto map between and [^n^r, ^n+i^r], and with k{gn) — 
]£n'^jinT^ + ihn]- k{w) exteuds into a conformal map from C — Un/o^ into /C = 
C— Un7^with7^ = [£^7r— £„7r+z/i„]. Next set A^^(ty) = J^^ 4)j^{x,w)(f)-{x,w)dx. 

1 I ~ I 2 

We have N'^{w) — \4'±{x,w)\ da; > for w G a, N'^{w) ^ for any w G 
C\ U„^o^- We set ni'^{x, w)m^{y, w) — w)$,-{y, w)N~^{w) and m^(a;, w) = 
^^{x,w)/N{w) with N{w) > for G u. We express w = w{k) for G /C 
and with an abuse of notation we write (j)±{x, k) for 4)±{x, w{k)) and m^(x, k) for 
mj_(x, w(A;)). We call (p±{x,k) = e^^^^(j)±{x^k) Bloch fimctions. In [C] we had to 
work with w complex, but here we focus only on w G cr. The band function is 
E{k) = w'^{k). Now we have the following well known fact: 

Theorem 2.4. Set f{k) ^ J^(j)+{y, k)f{y)dy for any k e RXttZ. Then: 

I \f{y)?dy^ f \f{k)fdk, / <l>-{x,k)f{k)dk, Hf{k)^E{k)f{k). 

Jr Jr Jr 

In particular we have 

(2.4) ""t^' (X. y) = / e-'('-»)^ -'"(*);f' + " -1^° 
[H + fj,)* 7k {E{k) + ii)4, 

We will show that the generalized integral (2.4) is a function which satisfies (2.2). 



3 Estimates on band and Bloch functions 

dk ' J dw 



We set /=£,/' = £ and ri{k) = yjE{k) + We compute 



(3.1) 



. _ E ■■ _ E E^ 

2{E + i^)h ' 2{E + ij)h ~ 4(E + //)i' 

i; 3£;e 3^3 i; 3-.. 

^ = r 3 H r = r - tt^^- 

2(£; + //)2 A{E + iJi)i 8{E + n)i 2{E + n)2 2 
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Lemma 3.1. 3 D C (0,+oo), bounded and discrete, such that V /i e (0,+oo)\D 
the system rj{k) = V (k) = 0, or equivalently (3.2) below, has no solutions in R; 



^ = ^(fe' = 

For the case Aq = and ~ see Korotyacv [Kl]. 

Proof of Lemma 3.1. We start by focusing on low energies. \E\ < Eq implies 
1^1 < ^0 foi' 3- fixed /cq = kQ{EQ). By [K2] we have the following two facts: 

Lemma 3.2. (a) On each band, E = holds exactly at the extremes of the band, 
(b) On each hand, there is exactly one solution of E — 0, contained in the interior 
of each band. 

Here recall we are assuming the bands to be bounded. By (a), for |A;| < kg (3.2) 
cannot hold near the extremes of the bands. So there is a fixed c > 0, such that, if k 
is a root of (3.2), then k is in the set, which we denote by J, formed by the k whose 
distance from the nearest edge is at least c. E = has finitely many solutions in J. 
Indeed, £^ ^ 0, is holomorphic in /C and J C /C. So except for at most finitely //'s 
with > 0, (3.2) has no solutions for \k\ < ko. 

Next we consider Lemma 3.1 in the high energy case. Recall E = and assume 
that (3.2) is satisfied at some value wq. Since E is even we can assume wq > 0, in 
particular wq G [On'^n+il- have a+ = w{{£n7r)'^), with G N. We have the 
following facts: 



Lemma 3.3. (1) There is a fixed C > such that for a~^i — C'-^n+i \9n+i < w < 
d^+i '"^^ have E < 0. 

(2) For any given Ci ^ 1 there are tiq and cq > such that for n >no and for 

_ 1 2 _ i 2 

a„+i - Cie^^^\gn+i\^ <w< a„+i - Ce^_^_^\gn+i\^ 
we have \E\ > co^~^.i|^n+ir3 > 1- 

(3) If a~_^i < oo then there exists exactly one point Wi, Wi G {a^,a~_^_i), with 
k"{wi) = 0. For w G [a+,toi) we have k"{w) < 0. Furthermore, there are positive 
constants Cq, Ci, C2, a such that for any n > no, for any w > a~_^i — a we have 



> -k"{w) > 7^ - ^IHTi^, (^(^) : 



a 



3 /I ; -ry^ ) ■ , - 1 3 1 + 1^ ' 

F-On+ihF-<+ih 



(Jf.) For a^-\-\g^^'^ <vj<a^j^-^ — \gn^^\\^ wehave\w — \-\-^\ <C\k\ ^forafixedC, 

with Qo := I Jq P{x)dx. Furthermore, E = 2k+0{k-^) and E = k^+2Qo+0{k-^) 
with in either case \0{k~'^)\ < Ck~'^ for a fixed C . 
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(1) is a consequence of Lemma 4.2 [C], (2) is Lemma 4.3 [C]. In (3) the information 
on the sign of k"{w) is in [Kl] and the inequahty is in Lemma 7.3 [C]. In (4) the 
inequahties for w and E are proved in Lemma 7.1 [C], the inequahty for E is proved 
in Lemma 5.4 [C]. 

We return to Lemma 3.1. E > at wq hj (3.2). By (1) Lemma 3.3, wq < 

_ 1 2 ••• _ 

o^_i_j^ — C£^_|_]^|5f^_|_i| 3 . By E = at Wq and by (2) Lemma 3.3 then wq < a^_^_i — 

1 2 

Ci^n+ildn+il'^ for some Ci ^ 1. By (3) Lemma 3.3 in this region k" < 0. Hence we 
have the inequahty E = 2(w)^ - 2w{w)^k" > 2{w)'^. Suppose a+ + Ci£^|5f„| < wq. 
By (4) Lemma 3.3 we have w = l-^ + 0(k-^). So 

(1) E > 2{1 - 2^) + 0{k-^). 

On the other hand for wq = w{k) by (4) Lemma 3.3 we have 

E- -2 ik + 0{k-')r _ 4Qo + a 

2iE + fi) k^ + 2Qo + fi + 0{k-^) P ^ ^ ^ 

The last formula is incompatible with (1) for > /Uq > with fiQ fixed and for 
\k\ l/ii. Hence at large energies and for a+ + Cii^\gn\ < w, for some fixed 
Ci > 0, there are no solutions of (3.2). Let < w < + Ci£^\gn\ - The following 

lemma, see Lemma 4.3 [C], shows wq ^ + a+ + |^n|^ for c ^ 1 fixed: 

Lemma 3.4. For a+ + c\gn\ < w < + \gn\^ for c ^ 1 a fixed large constant, 
\E\ is very large. 

Finally t^o ^ Wtj<^n +c|(7^|] because by the following lemma, see Lemmas 7.1 
and 7.4 [C], and by Lemma 2.3 for \u — a+| < \gn\ then E — 2{e+^i) cannot hold: 

Lemma 3.5. For \u — a^\ < c\gn\ for c > fixed there are no, Ci > and C2 > 
such that for any n > uq we have \E\ > Ci£n\gn\~^ o-f^d \E\ < C2-^n\/ V^T • 

V 1 5n I 

Finally for later use we state the following, see Lemma 7.1 [C]: 
Lemma 3.6. 3 Ci > C2 > such that Vm and \/w e cr^ = [a^, a^+i] we have for 

Aiw) = ^ , T + T^^^ T 



1 + C2 (^A{w) + > k\w) > 1 + CiA{w). 



Correspondingly for k e [(.rnT^-, ^m+iT^] o.n'd for w = dw/dk we have 



1 1 

<w < 



1 + C2 (^(«;) + ^) l + C^A{wy 



§4 Decomposition of (2.3) and estimates on the single parts 



We decompose ^'"^^^^^"3 — {x, y) — '^nK'^{t, x,y) with 



(4.1) K-{t,x,y):= f e-^(-^)^^^^§^m° (^, /c)m° (y, /c)d/c. 

A basic ingredient in the proof is the stationary phase theorem, see p. 334 [S] : 

Lemma 4.1. Suppose 4>{x) is real valued and smooth in [a, h] with ](/)("")( x] > 
> m ]a, h[ for m > 1 . For m — 1 assume furthermore that (f)'{x) is monotonia 
in ]a, b[. Then we have for Cm = 5 • 2'^~^ — 2: 



min{|^(a)|,|V'(&)|}+ / W {x)\dx 



The following two lemmas are special cases of Lemmas 4.4 & 4.5 in [C]: 

Lemma 4.2. There are fixed constants C > 0, C3 > 0, F > and c > such that 
for all X, all n we have : 

(1) \/we [a++Csll\gn\,a~j^i-C'il^^j^^\gn+iW wehave\m\{x,k)m^_{y,k)-l\ < 

(2) 3 fixed C > such that forall k we have \'m2^{x, k)m^_{y, k)\< C. 

Lemma 4.3. There are fixed constants C > and C4 > 0, with C4 < C2, such 
that for all x, all n we have: 

(1) for alla+ + \g^\^ <k< then \dk{m^_{x,k)m\{y,k))\ < ^ ■ 



fc|fc-7r^„| ' 



(2) forall ""+""+1 



<k< a^^^-\gn+i\i , then |9fc(m"_(a;, k)m1{y,k))\ 



< 



c 



k\k—-K£n+A 



(3) for w in the remaining part of [a+, a^_^_i] we have for m = n (resp. m = n + 1) 
near (resp. a~_^_i) \dk{m^{x,k)m'^{y,k))\ < 



By Lemmas 4.1-3 and Lemma 3.1 we conclude: 

Lemma 4.4. 3 D C (0, +00), bounded discrete, such that V e (0, +oo)\D and 
and for any no bands then there exists a C = C{fi, uq) > such that for all x, y and 



for all t > we have 



n|<no 



Kn{t,x,y) <C{t)--s 



As a consequence of Lemma 4.4, in order to prove Proposition 2.2 it is enough 
to look at in (4.1) with large n. It is not restrictive to sum over n ^ 1. We 
split further in (4.1). We introduce a smooth, even, compactly supported cutoff 
Xo(^) e [0,1] with X = near 1 and xo = 1 near 0. Set xi = 1 ~ Xo- For 
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c ^ 1 fixed we spfit each in (4.1) as = Yli ^j' partitioning the identity in 

i<.„H = xo(-i--j^) + xi(-rrf 

'^\9n\ c\gn\ \g^\4 

,w-a+ a~^^-w a-^^-w a~^^ - w a~^^ - w 
+ Xi(- — ^)Xi(^ — ^) + Xo(^ — ^)Xi(^ — r) + xo(^ H- 

\gn\^ Ifi'n+lp Ifi^n+lp C\9n+l\ C\gn+l\ 



By c ^ 1 we have ?i; f=i 1 for e [a^ + c\gn\, a^+i ~ j Lemma 3.6. 

Lemma 4.5. 3 a fixed C > s.t. \KY\ < Ct~^\gn\^ and \K^\ < Ct~^\gn+i\^ . 
Lemma 4.6. There are an e > and Ce such that I ^ Cet~^\gn\'^ ■ 
Lemma 4.7. There are an e > and Ce such that \K2\ < C'e^"^ Ififn+il^- 
Lemmas 4.5-7 imply ^^^3 ^.^-^ \K'j{t,x,y)\ < C m.ax{t~^ ,t~^}. Turning to K3, 
set K3 = K^. The foUowing lemma completes the proof of Proposition 2.2: 

Lemma 4.8. There is a fixed C such that \K'i{t, x,y)\ < C{t)~^ . 
We prove Lemmas 4.5-7 in §5 and Lemma 4.9 in §6. 

§5 Proof of Lemmas 4.5-7 
For all the j 7^ 3 and for ij^{k) the corresponding cutoff, we consider 

H^{t,x,y)= j e-*(^-^)'^±^*^('=)m° (a;,/e)m°(y,/c)r7-i(/c)V'(A;)dA;. 

Lemma 4.5 is an immediate consequence of: 

Lemma 5.1. 3 a fixed C such that \H^\ < Ct~^\gn\^ and \H^\ < Ct~^\gn+i\^ ■ 
Proof. We will prove the j — 1 case. Recall from formula (3.1) 

For < w — a+ < |(7n| by Lemma 3.6 we have < w < {w — a+)^ l^fnl"^ ^ 1 and 
so in particular E^ < ^n- By Lemma 3.5 we have \E\ > cin\gn\~^ for some fixed 
c > 0. Hence > Ifi^nl"^- Then, by Lemmas 4.1-3 we obtain 

\H^{t,x,y)\ < ^ ' ' 



Vi Ja+ \k - nin\ + \gn\' 

We have 4| ^ yAg^Hw - a+)~5 and so \k - 7r£„| y/\g^\Vw - at- Hence 



The argument for iifg is the same, by E"^ < and > c£n+ibn+i|~"'^- 

Lemma 4.6 is an immediate consequence of the following lemma: 
Lemma 5.2. There is C > such that \H^\ < Cmin{(^^)it~5 log(l/|5r^|), |^n|H- 

Proof. H2 is defined by an integral for w e [a+ + cj^nl, + bn|^]- We claim 
we have \fj\ > {k)~^. Assume this inequality. By Lemma 3.6 we have ~ 1; 
w — ~ /c — 7r£n- So by Lemmas 4.1-3, by k — 7r£n > \gn\ and proceeding as in 
Lemma 5.1 

A++c|g„| \k-T^U + \9n\ 

<C2t-^(Mi / ^^<C3t-M^n)^l0g-^. 

^a++c|3„| W-aZ \gn\ 

By Lemma 4.2 we have also \K^\ < C\gn\^ . To prove {iil > {k)~^ we write 4:7] = 
{2{E + iJ,)E - E^){E + fj,)-^ with E = P + 2Qo + 0{k-^), E^ = 4k^ + 0{l/k): 

.. {2E-4)k^ + 2E{2Qo + i^)+0{l/k) 

V = ^ • 

4{E + ii)i 

For w e [a+ + c|fif„|, a+ + Ifi^nl^] we have k" < and so as in Lemma 3.3 

E = 2{wf - 2w{wfk" > 2{wf = 2(1 - 2Qo/e~^ + 0{k-^)). 

So we get 7] > (/x + 0(/c~^))(i? + /x)~5 and our claim is proved. 
Lemma 4.7 is an immediate consequence of the following lemma. 

Lemma 5.3. There is a C s.t. \H2~'^\ < Ct-^Qn-il^^^^ ■ 

Proof. H2~^ is defined by an integral for w G [a~ — \gn\^ j Ci~ — c\gn\]- By Lemma 
4.3 [C] we have \ V\ > \gn\~^ ■ By Lemma 3.6 we have ~ 1, a~ — w ~ 7r£n — k, 
and so by Lemmas 4.1-3 and proceeding as in Lemma 5.1 

1 1 r<~^"^\9n.\ 111 

\H2\<Ct—^\gn\^ 3 — <Cit-3|^„|3oiog— . 
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§6 Proof of Lemma 4.8 

For — J2n-^3 ^® show \K3{t,x,y)\ < C{t)~^ for C fixed by reducing to the 
flat case of Lemma 5 [MSW], whose proof permeates this section. Set Xint{k) = 

EnXi{^)XiCf^) supported 

3 

Wi ~ Ifi'n+il 5 . Then forR^x-y 



Z]n^i( "' """"^ 3 ) supported inside the union of sets a+ + \gn\^ < w < 



f°° 3 

Ks{t,x,y) = 2 / (x>s{Rk)sm{tr]{k))r]~^(^k)m^_{x,k)m'l{y,k)xint{k)dk. 
Jo 

We split the integral between [0, t] and [t, 00). By Lemma 4.2 and by r]{k) ~ (A;) the 
[t, 00) integral has absolute value less than C{t)~^ for a fixed C > 0. Next write 

h±(k) = tr]{k)±Rk 

^^'^^ I±it) = f e'''^^^^v-Hk)m'_ix,k)ml{y,k)xint{k)dk 

Jo 

It is not restrictive to assume R = x — y > 0. We start with I-{t). 
Lemma 6.1. There is a fixed C such that \I-{t)\ < C{t)~^ . 

Proof. The proof ends in Lemmas 6.16. We set I-{t) = Ii{t) + l2{t) with 



(6.2) 



hit) = f e'^^'^v-Hk) {m'_{x,k)ml{y,k) - l) Xint{k)dk 
Jo 

h{t)= I e'''^^^'n-'i{k)xint{k)dk 
Jo 



To prove Lemma 6.1 we use: 

Lemma 6.2. In supp{xint) H [0, t] we have for fixed constants: 

(1) 0<l-fi{k)<Qok~^ + 0{k-^); 

(2) 7j{k) > (k)-^ and so \h{k)\ = t\7i{k)\ > tjir]-^ ^ t{k)-^. 

(3) There is a fixed C > such that for any n sufficiently large we have 

\E{k)-2k\<j^ for a+ + 4|^„| <«;<a-+i-4^i|^„+i|. 

(4) There are fixed constants C > 0, Ci > and c > such that for any n and any 
k e [in'^^j ("n+iT^], that is for any w e [a+, a~_^-^], we have: 

1 2 ■• 1 / lo P 

< + C|t/n| < W < a„+i - Ci^^+il^n+ll^ - + - 



Proof. For (3) see Lemma 7.1 [C], for (4) see Lemmas 4.2 and 7.4 [C]. (2) is 
proved as in Lemma 5.2. By construction supp{xint) H [0, oo) C [fc, oo) for some 
k ^ no 1. The following iov k :$> 1, which uses (3) here and (4) Lemma 3.3, 
proves (1): 



The following lemma coincides with Lemma 4.7 [C], with the proof scattered in 
Lemmas 5.2, 7.1, 7.4 and 7.6 [C]: 

Lemma 6.3. In the support of Xint we have w ^ k, w = 1 + 0{k~'^) , w = 0{k~^). 
We can extend w from the support of Xint io the whole of M so that the extension 
(which we denote again with w) satisfies the same relations and is an odd function. 

Thanks to Lemma 6.3 we obtain: 

Lemma 6.4. We can extend rj{k) — ^^/w^JkY+~/J to all M so that there are fixed 
positive c\, C2 so that ri{k) > ci{k)~^ and |1 — 'f]{k)\ < C2{k)~'^ , and positive cs, 
C4 such that in M\[— 1, 1], C3 > r]{k) > C4. Furthermore, from ?) = where 

A* ^ A*o > 0, from Lemma 6.3, uq — no(/xo) can be chosen and the extension in 
Lemma 6.3 he done so that |?7| < 1 m M. 

In the rest of the paper by r/(/c) we will mean this extension and we will set 
h{k) = tr]{k) - Rk. We have: 

Lemma 6.5. Consider the h{k) just introduced. 

(1) Ift < R then \h{k)\ = R-tri{k) > ct\k\-^ for a fixed c> 0. 

(2) If t > R then h{k) has exactly one zero in [0, +00) which we denote by ko. 

(3) In case (2), ifko > 2, fori < k < ko/2 and fork > 2kQ we have \h{k)\ > ct|A;|~^. 
If ko <2 for k > 2ko we have \h{k)\ > ct\k\~'^. 

Proof. \r)\ < 1 implies (1). Consider t > R. By h = tww{w'^ + — i? we have 
/i(0) = —R and by Lemma 6.3 h ^ t — R > for k — > 00. So there is a zero which 
hj h = tij > cit{k)~^ > is unique. We denote it by ko- This gives us (2). We set 
[a, h] = [l,t] n [fco/2, 2ko]. For k e (1, a) by Lemma 6.5 we have h{k) < h{2k) < 0. 
So for some fee [/c, 2/c] 

\h{k)\ > h{2k) - h{k) = h(k)k > ctk-^. 

For k> b> 2ko we have h(k) > h{k/2) > and for some k e [k/2, k] 



E 2k + Oik--) 



1-Qok-^ + 0{k-^). 



2{E + ij,)^ 2{k^ + 2Qo + 0{k-^))^ 



\h{k)\ > h{k) - h{k/2) = h{k)k/2 > ctk 



-2 



Lemmas 4.1 and 6.2-4 imply: 
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Lemma 6.6. Let H{k) = e^^^^^ with H{0) = 0. Then for a fixed c > we have 
\H{k)\ < ct-^k)^ for alike [0,t]. 

Next, we have the following analogue of Lemma 5 [MSW]: 

Lemma 6.7. For \g{k)\ — 0{{k)^i) we have 



(1) 



H{k)g{k)dk 



< c{ty 



Proof. By Lemma 6.6, < (t) 2 for < 2. li R > t hy Lemma 6.4 we 

have \h{k) \ > ctk'"^. Then by Lemma 4.1 for A; > 1 we have \H{k) — H{2)\ < ct~^k'^. 
By \H{2)\ < C{t)-^ and by \g{k)\ = 0{{k)-^) we obtain (1). If i? < t by Lemma 
6.4 h{k) has one zero which we denote by ko. If ko < 2 we can repeat the above 
argument. If /cq > 2 set [a, b] = [l,t] n [ko/2, 2ko\ as in Lemma 6.5. For k e (1, a) 
and p < A; by Lemma 6.5 

\h{p)\ > ctp-^ > Ctk-'^. 
By Lemmas 4.1 and 6.5 \H{k)\ < ck^t~^. Then we get 



i: 



H{k)g{k)dk 



< ct-^. 



For k > p > b > 2ko by Lemma 6.5 

\h{p)\ > ctp-^ > Ctk-'^. 
By Lemmas 4.1 and 6.6 \H{k) — H{b)\ < ck'^t~^. Then we get 



{H{k) - H{b)) g{k)dk 



< ct-^. 



By Lemma 6.6 



Jb 



H{b)g{k)dk < Ct-^{b)n-^. 



Finally 



J a 



H{k)g{k)dk 



"0 flh ^ 

<Ct-^ /, y <Ct-221og2. 
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Lemma 6.8. There is a fixed C such that for the l2{t) in (6.2), \l2{t)\ < C{t) 3. 

Proof. Write Xint{k) = 1 - Xext{k) and correspondingly hit) = hiit) - l22{t) 
with hiit) = jle'^^^^r]-i{k)dk and l22{t) = e'^^''^Xext{k)v~Hk)dk. Then: 

Lemma 6.9. There is a fixed C such that |/2i(^)| < C{t)~^ . 
Lemma 6.10. There is a fixed C such that \l22{t)\ < C{t)~^. 
Proof of Lemma 6. 9. We have 

hi{t) - I [' H{k)r]-Hk)ri{k)dk + H{t)ri-Ht). 
^ Jo 

\H{t)\ < t and ri{t) ^ (t) imply \H{t)r|-^t)\ < {t)'^. We have ri{k) ^ k and 
|?7| < 1. So g{k) := r]~i{k)r]{k) = 0{{k)~^). Then Lemma 6.7 implies Lemma 6.9. 

3 1 

Proof of Lemma 6.10. For J„ = [£„7r — C\gn\'^ ^ (-nT^ + C'lS'nl'^] for some fixed 



C > 1, set 



„t 00 „ 

/22(t)= / e^'^('=)r7-i(A;)xext(A;)c?A; = -/22i(t)-/222(t), /22i(t) := ^ / 

Jo n=0'^[0'^l'^-^" 



d 3 00 „ ^ 

X Hnik)xextik)-TrV~Hk)dk, l222{t):=J2 Hn{k)r]-^ {k)xext{k)dk, 

71=0-^ [0' 



with = e*'*^'^), i^nl-^n) = 0. By h{k) = tri{k), ci{k)-^ < rj{k), \r]\ < 1 and 

1 3 

Lemma 6.6 which implies \Hn{k)\ < Ct~^{k)^ for C fixed, 

\H,,{k)xext{k)r)--^{k)m\ < Ct---{k)--{k)-i 
so |/22i(t)| <Ct-^ELliW"' <^"^|fog^l- By \Hn{k)\<Cm:ln{t-'^k)i)^gn\^ 

/ |i?„(A;)r7-i(A;)xecct(^)|c^^ <niin{t-^|£f^|^(£^)-i}. 

J[o,t]nJ„ 

This by Theorem 2.3 implies |/222(t)| < Ct'^ . 

Lemma 6.11. There is a fixed C such that \I\{t)\ < C{t)~^. 

Proof. We fix some small £ > and split Ii{t) = Iii{t) + Ii2{t) with 

Xint{k) ■=^Xl {£~^{k - TTin)) Xl {s~'^ {in+lTT - k)) 

n 

Iilit) := [\'^^%-Hk) {m^_{x,k)mliy,k) - l)xint{k)dk 
Jo 

/i2(t):= / e^'^(^)r/-i(/c)(m°(a;,/c)m°(y,/c)-l)xmt(/c)(l-Xmt(/c))c//c^ 
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Lemma 6.12. There is a fixed C such that \Iii{t)\ < C{t) 2. 

Proof. We have m° (x, /c)m*]_(|/, k) — 1 = 0{k~^) and dk (m" (x, k)m^{y, k)) = 
0{k~^) in the support of Xint{k)- Then Lemma 6.7 imphes Lemma 6.12. 

Lemma 6.13. There is a fixed C such that |/i2(^)| < C{t)~^ . 

Proof. We consider h^it) = T^n^Ut), I^t) ■= e^'^('=)/(A;)dA; 

f{k) := 'ifn{k)r]~^k) {wP_{x,k)rn\{y,k) - l) where 

^n{k) := Xi(- — ^)xi(- ^)Xo( )xo( )• 

\gn\^ \gn+i\^ ^ ^ 

Observe that "^nik) = + \I/n2(^) with supported in \gn\^ ^ k — Tvin ^ 

e and with ^'n2(fc) supported in £ > nln+i — k > |gr„+i|5. Correspondingly write 
/ = /i + /2 and /fs = I12 + III We have: 

Lemma 6.14. For a fixed C and for j = 1,2: Xln 1-^12' (^)l ^ ^(^)~^ Uog^l- 
Proof. We focus on /fa^, the proof for being almost the same. We have 

I^i{t,x,y)= Hn{k)fi{k)dk with Hn{k)= e'^^^Uk'. 

For 1^2 the proof is the same but with Hn{k) = e'^^^^'^dk'. We get 

A"2W = -/r2lW-/r22W with 

Ii2iit)= r^^'^ Hn{k)dkUniik)rj-Hk)){m^ix,k)ml{y,k)-l)dk 
IlUt) = / iyn(A;)vE'ni(A;)?7"nfc)5fe (™-(^, fc)m^(2/, A;) - l) dk. 

Lemma 6.15. There is a fixed C > such that |-fr2\(^)l ^ 

Proof. Set 

dk (^'^ni{k)v~Hk)^ = ~'^ni{k)v~Hk)f]{k) + 'i/ni{k)v~Hk) =: a{k) + b{k). 
We have a{k) = 0{k^'i) and 
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with length of Ii e and length of I2 ~ \gn\ * • Recall by Lemma 4.2, 

{m^_{x,k)ml{y,k) - l) = 0{k-^). 

For t < R then h > ct{k)~'^. From the estimates on a{k) and b{k) we get |/i2\(*)l ^ 
_ 1 

Ct~^£n ^ . Summing up over in ^ t we get much less than i~ 3 . For t > R and for 
the critical point kQ > 2 (otherwise proceed as above) distinguish between two cases 

Case 1: 7r£„ outside [/co/2 — tt, 2A;o + tt]. Then \h\ > ct{k)~'^ by Lemma 6.5 and 

_ 1 ^ 
l-^f2\(^)l — Ct~^irL ^ ■ Summing up over < t we get 0{t-2). 

Case 2: tt^^ inside [ko/2 — n, 2fco + tt]. Then by Lemma 6.4 we have \Hn{k)\ < 
Ct~'2{k)2 and |/i2\(^)l — Ct~2£^^. Summing up over £n ~ ko we get 0{t~2). 

Lemma 6.16. There is a fixed C > such that Y^n^i 1^122(^)1 < C{t)-^. 

(1) Suppose t > R. Then > ct{k)-^. For a fixed C by Lemma 4.1 

(6.3) |/ e'^^^'Uk'\<mm{C{k)H-^,\k-7ren\}. 

Next we split I]^^^{t) - • • • + j'tnti-^ • • • • Lemma 4.3 



(6.4) 



and 



Hn{k)^ni{k)r]-Hk)dk {m^_{x,k)ml{y,k)) \ 

r 

<C \k- TT(,n\\k - 7T£n\~\£n)~^dk = Ct'^ {£n)~^ 

J ^„7r 



(6.5) 1/ •••|</ Ct-\kf\k-T:tn\~\£n)~-^ 

and so |/f22WI < C(£n)"^t"^ logt. Then ^ |/f22WI < C'^"^ logt. 
(2) Suppose t < R. Then there is a unique /cq > with h{ko) =0. If /cq < 2 we have 
h{k) > ct{k)~'^ in the support of the integrands and we can apply the argument in 
(1). If /co > 2 set [a, b] = [1, t] D [ko/2, 2ko]. Then consider in < a - 7r/2. Then for 
a fixed C we get (6.3) and by proceeding as in the case t > R we can split again 
and obtain estimates (6.4-5). Same is true for > b. Summing up over all these 
in<twe get I^r22(0l < Ct-^ logt. For a-7T/2 <£n <b for a fixed C 



/ e'"'^'''^dk'\ < mm{Ct-hi, \k - tt^D- 
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Next we split 

Il22{t)= I ••• + 

But now 



1 3 



1 3 



It 



1 3 



< C 



It 



1 3 



\k-7T£n\\k-7r£n\-\£n)~^ = Ct' 



and 

and so |/r22WI < logt. Then ^ |/r22WI < C't'^ logt. 

To complete the proof of Lemma 4.9 we have to prove the following lemma whose 
proof is analogous to the proof for I-{t) in the easier case t < R and which we skip: 

Lemma 6.17. There is a fixed C such that \I^[t)\ < C{t)~^. 
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